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Abstract
By making use of some rather elementary techniques based upon certain inverse pairs of symbolic operators,
the authors investigate several decomposition formulas associated with Lauricella’s hypergeometric function F (r)A
in r variables (r = 2, 3, 4, . . .) and also with other multiple hypergeometric functions. Alternative derivations of
some of these decomposition formulas by means of (for example) integral representations are also indicated.
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1. Introduction and definitions
Multiple hypergeometric functions (that is, hypergeometric functions in several variables) occur
naturally in a wide variety of problems (see, for details, [13, p. 47 et seq., Section 1.7]). In particular,
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the Lauricella function F (r)A in r variables, defined by (cf. [5]; see also [13, p. 33, Equation 1.4(1)])
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
:=
∞∑
m1,...,mr =0
(a)m1+...+mr (b1)m1 · · · (br)mr
(c1)m1 · · · (cr )mr
x
m1
1
m1! · · ·
x
mr
r
mr !(
|x1| + · · · + |xr | < 1; (λ)m := Γ (λ + m)Γ (λ)
)
,
(1)
together with its special case when r = 2 (namely, the Appell function F2) arise frequently in various
physical and quantum chemical applications (cf., e.g., [13, pp. 49–50 and 293]; see also the recent works
[6] and [7] and the references cited therein).
For a given multivariable hypergeometric function, it is useful to find a decomposition formula
which would express the multivariable hypergeometric function in terms of products of several simpler
hypergeometric functions involving fewer variables. In the case of the Lauricella function F (r)A defined
by (1), we choose to recall here an interesting integral representation in the following form [13, p. 285,
Equation 9.4(35)]
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
= 1
Γ (a)
∫ ∞
0
e−t ta−1 1F1

b1; x1t
c1;

 · · · 1F1

br ; xr t
cr ;

 dt
(R(x1 + · · · + xr ) < 1; R(a) > 0) ,
(2)
where, as usual, p Fq denotes a generalized hypergeometric function with p numerator and q
denominator parameters. In fact, it is the case r = 2 of this well-known (rather classical) result (2)
which has proven to be widely applicable (see, for details, [6] and the references cited therein).
The main object of this work is to show how some rather elementary techniques based upon
certain inverse pairs of symbolic operators would lead us easily to several decomposition formulas
associated with Lauricella’s hypergeometric function F (r)A in r variables (r = 2, 3, 4, . . .) and with
other multiple hypergeometric functions. We also briefly describe alternative derivations of some of
these decomposition formulas by means of (for example) integral representations.
2. Preliminaries
Over six decades ago, Burchnall and Chaundy ([2] and [3]) (and Chaundy [4]) systematically
presented a number of expansion and decomposition formulas for double hypergeometric functions in
series of simpler hypergeometric functions. Their method is based upon the following inverse pairs of
symbolic operators:
∇x,y(h) := Γ (h)Γ (δ + δ
′ + h)
Γ (δ + h)Γ (δ′ + h)
=
∞∑
m=0
(−δ)m(−δ′)m
m! (h)m (3)(
δ := x ∂
∂x
; δ′ := y ∂
∂y
)
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and
∆x,y(h) := Γ (δ + h)Γ (δ
′ + h)
Γ (h)Γ (δ + δ′ + h)
=
∞∑
m=0
(−δ)m(−δ′)m
m! (1 − h − δ − δ′)m
=
∞∑
m=0
(−1)m (h)2m(−δ)m(−δ
′)m
m! (h + m − 1)m(δ + h)m(δ′ + h)m (4)(
δ := x ∂
∂x
; δ′ := y ∂
∂y
)
.
Indeed, as already observed by Srivastava and Karlsson [13, pp. 332–333], the aforementioned method
of Burchnall and Chaundy (cf. [2] and [3]) was subsequently applied mutatis mutandis by Pandey [8]
and Srivastava [11] in order to derive the corresponding expansion and decomposition formulas for the
triple hypergeometric functions
F (3)A , FE , FK , FM , FN , FP
and
FT , HA, HC ,
respectively (see, for definitions, [13, Section 1.5] and [14, p. 66 et seq.]), and by Singhal and Bhati [10]
for deriving analogous multiple-series expansions associated with several multivariable hypergeometric
functions. Subsequently, by making use of the Laplace and inverse Laplace transform techniques in
conjunction with the principle of multidimensional mathematical induction, Srivastava [12] established
several general families of expansion and decomposition formulas for Kampé de Fériet’s double
hypergeometric function
F p:q;q
′
u:v;v′
and for Srivastava’s general triple hypergeometric function
F (3)[x, y, z]
(see also [13, p. 333, Theorem 1; p. 335, Theorem 2]). Some closely-related results involving Kampé de
Fériet’s double hypergeometric function can also be found in the works by Ragab [9] and Verma [15].
We now introduce here the following multivariable analogues of the Burchnall–Chaundy symbolic
operators ∇x,y and ∆x,y defined by (3) and (4), respectively (cf. [10, p. 240]; see also [11, p. 113] for
the case when r = 3):
∇˜x1;x2···xr (h) :=
Γ (h)Γ (δ1 + · · · + δr + h)
Γ (δ1 + h)Γ (δ2 + · · · + δr + h)
=
∞∑
m2,...,mr =0
(−δ1)m2+···+mr (−δ2)m2 · · · (−δr )mr
m2! · · · mr ! (h)m2+···+mr
(5)
(
δ j := x j ∂
∂x j
; j = 1, . . . , r
)
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and
∆˜x1;x2···xr (h) :=
Γ (δ1 + h)Γ (δ2 + · · · + δr + h)
Γ (h)Γ (δ1 + · · · + δr + h)
=
∞∑
m2,...,mr =0
(−δ1)m2+···+mr (−δ2)m2 · · · (−δr )mr
m2! · · · mr ! (1 − h − δ1 − · · · − δr )m2+···+mr
=
∞∑
m2,...,mr =0
(−1)m2+···+mr
m2! · · · mr !
(h)2(m2+···+mr )
(h + m2 + · · · + mr − 1)m2+···+mr
· (−δ1)m2+···+mr (−δ2)m2 · · · (−δr )mr
(δ1 + h)m2+···+mr (δ2 + · · · + δr + h)m2+···+mr
(6)
(
δ j := x j ∂
∂x j
; j = 1, . . . , r
)
,
where we have applied such known multiple hypergeometric summation formulas as (cf. [5]; see also
[1, p. 117])
F (r)D [a, b1, . . . , br ; c; 1, . . . , 1]
= Γ (c)Γ (c − a − b1 − · · · − br )
Γ (c − a)Γ (c − b1 − · · · − br ) (7)
(R(c − a − b1 − · · · − br) > 0; c ∈ Z−0 := {0,−1,−2,−3, . . .})
for the Lauricella function F (r)D in r variables, defined by (cf. [5]; see also [13, p. 33, Equation 1.4(4)])
F (r)D [a, b1, . . . , br ; c; x1, . . . , xr ]
:=
∞∑
m1,...,mr =0
(a)m1+···+mr (b1)m1 · · · (br)mr
(c)m1+···+mr
x
m1
1
m1! · · ·
x
mr
r
mr ! (8)
(max{|x1|, . . . , |xr |} < 1).
We remark in passing that, since the Lauricella function F (r)A defined by (1) is symmetrical with
respect to the parameters
b1, . . . , br and c1, . . . , cr ,
and the variables
x1, . . . , xr ,
it would be fairly straightforward (rather trivial) to generate numerous further results from our
presentation here by merely using these obvious symmetries.
3. A family of multivariable decomposition formulas
First of all, it is not difficult to derive the following applications of the (multivariable) symbolic
operators defined by (3) and (5):
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
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= ∇˜x1;x2···xr (a) 2F1(a, b1; c1; x1)
· F (r−1)A [a, b2, . . . , br ; c2, . . . , cr ; x2, . . . , xr ] (9)
and
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
= ∇˜x1;x2···xr (a)∇˜x2;x3···xr (a) · · · ∇xr−1,xr (a)
·
r∏
j=1
{ 2F1(a, b j ; c j ; x j )}. (10)
The operational representation (10) follows simply by iterating (9) r − 2 times. Indeed, in light of the
second expression in (5), the basic operational representation (9) would immediately yield the following
(presumably new) family of decomposition formulas for the Lauricella function F (r)A in r variables:
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
=
∞∑
m2,...,mr =0
(a)m2+···+mr (b1)m2+···+mr (b2)m2 · · · (br)mr
m2! · · · mr ! (c1)m2+···+mr (c2)m2 · · · (cr)mr
· xm2+···+mr1 xm22 · · · xmrr 2 F1(a + m2 + · · · + mr , b1 + m2 + · · · + mr ;
c1 + m2 + · · · + mr ; x1)
...
· F (r−1)A [a + m2 + · · · + mr , b2 + m2, . . . , br + mr ; c2 + m2, . . . , cr + mr ; x2, . . . , xr ] (11)
(r ∈ N \ {1}; N := {1, 2, 3, . . .}),
where we have also applied such elementary operational relationships as
f (δ1, . . . , δr ){xm11 · · · xmrr } = f (m1, . . . , mr )xm11 · · · xmrr . (12)
Many other analogous decomposition formulas can similarly be derived for the Lauricella function
F (r)A in r variables, but with various parametric constraints. We choose to leave such derivations as an
exercise for the interested reader.
4. The special three-variable case
In the special case when r = 3, the operational representation (10) readily yields
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′′; x, y, z]
= ∇˜x;yz(α)∇y,z(α) 2 F1(α, β; γ ; x)
· 2 F1(α, β ′; γ ′; y) 2F1(α, β ′′; γ ′′; z), (13)
which leads us eventually to the following decomposition formula:
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′′; x, y, z]
=
∞∑
,m,n=0
(α)+m+n(β)+m(β ′)+n(β ′′)m+n
! m! n! (γ )+m(γ ′)+n(γ ′′)m+n
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· x+m y+nzm+n 2 F1(α +  + m, β +  + m; γ +  + m; x)
· 2 F1(α +  + m + n, β ′ +  + n; γ ′ +  + n; y)
· 2 F1(α +  + m + n;β ′′ + m + n; γ ′′ + m + n; z). (14)
We reiterate the aforementioned fact that numerous other analogous decomposition formulas can
be similarly derived for the Lauricella triple hypergeometric function F (3)A with different parametric
constraints. For example, each of the following operational representations would lead us to a
decomposition formula for a special F (3)A :
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′; x, y, z]
= ∇˜x;yz(α)∇y,z(γ ) 2F1(α, β; γ ; x)
·F1(α, β ′, β ′′; γ ′; y, z), (15)
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′; x, y, z]
= ∇˜x;yz(α)∇y,z(α)∇y,z(γ ′) 2 F1(α, β; γ ; x)
·F3(α, α, β ′, β ′′; γ ′; y, z), (16)
and
F (3)A [α, β, β ′, β ′; γ, γ ′, γ ′′; x, y, z]
= ∇˜x;yz(α)∇y,z(β ′) 2 F1(α, β; γ ; x)
·F4(α, β ′; γ ′, γ ′′; y, z), (17)
where F1, . . . , F4 are the four Appell double hypergeometric functions given by
F1 := F (2)D , F2 := F (2)A , F3 := F (2)B and F4 := F (2)C (18)
with, of course, F (r)A and F
(r)
D defined already by (1) and (8), respectively, and (cf. [5]; see also [13,
p. 33, Equations 1.4(2) and 1.4(3)])
F (r)B [a1, . . . , ar , b1, . . . , br ; c; x1, . . . , xr ]
:=
∞∑
m1,...,mr =0
(a1)m1 · · · (ar)mr (b1)m1 · · · (br)mr
(c)m1+···+mr
x
m1
1
m1! · · ·
x
mr
r
mr ! (19)
(max{|x1|, . . . , |xr |} < 1)
and
F (r)C [a, b; c1, . . . , cr ; x1, · · · , xr ]
:=
∞∑
m1,...,mr =0
(a)m1+···+mr (b)m1+···+mr
(c1)m1 · · · (cr )mr
x
m1
1
m1! · · ·
x
mr
r
mr ! (20)(√|x1| + · · · +√|xr | < 1
)
.
We thus find that
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′; x, y, z]
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=
∞∑
,m,n=0
(α)+m+2n(β)+m(β ′)+n(β ′′)m+n
! m! n! (γ )+m(γ ′)n(γ ′)+m+2n
· x+m y+nzm+n 2 F1(α +  + m + 2n, β +  + m; γ +  + m; x)
·F1(α +  + m + 2n, β ′ +  + n, β ′′ + m + n; γ ′ +  + m + 2n; y, z), (21)
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′; x, y, z]
=
∞∑
k,,m,n=0
(α)k++2m+n(β)k+(β ′)k+m+n(β ′′)+m+n
k! ! m! n! (γ )k+(γ ′)m(γ ′)k++2m+2n
· xk+yk+m+nz+m+n 2 F1(α + k +  + 2m, β + k + ; γ + k + ; x)
·F3(α + k +  + 2m + n, α + k +  + 2m + n, β ′ + k + m + n, β ′′ +  + m + n;
γ ′ + k +  + 2m + 2n; y, z), (22)
...
and
F (3)A [α, β, β ′, β ′; γ, γ ′, γ ′′; x, y, z]
=
∞∑
,m,n=0
(−1)n (α)+m+2n(β)+m(β
′)+m+n
! m! n! (γ )+m(γ ′)+n(γ ′′)m+n
· x+m y+nzm+n 2 F1(α +  + m + 2n, β +  + m; γ +  + n; x)
·F4(α +  + m + 2n, β ′ +  + m + n; γ ′ +  + n, γ ′′ + m + n; y, z). (23)
5. Concluding remarks and observations
The various decomposition formulas (which are presented here and elsewhere in the literature cited)
can indeed be proven directly by means of series iteration techniques, that is, without using the symbolic
operators considered in this work. Moreover, such decomposition formulas as (11) and (14) can also
be derived by appealing appropriately to the following known integral representation (cf. [5]; see also
[1, p. 115, Equation (5)]):
F (r)A [a, b1, . . . , br ; c1, . . . , cr ; x1, . . . , xr ]
= Γ (c1) · · · Γ (cr)
Γ (b1) · · ·Γ (br )Γ (c1 − b1) · · ·Γ (cr − br)
·
∫ 1
0
· · ·
∫ 1
0
tb1−11 · · · tbr −1r (1 − t1)c1−b1−1 · · · (1 − tr )cr −br −1
· (1 − x1t1 − · · · − xr tr )−a dt1 · · · dtr(
R(c j ) > R(b j ) > 0; j = 1, . . . , r
)
(24)
together, of course, with its obvious special cases when r = 1, 2, 3. For example, in the three-variable
case of the decomposition formula (11), we can apply the following elementary identity:
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(1 − xξ − yη − zζ )−α
= [(1 − xξ)(1 − yη − zζ )]−α
∞∑
,m=0
(α)+m
! m!
·
(
x yξη
(1 − xξ)(1 − yη − zζ )
) (
xzξζ
(1 − xξ)(1 − yη − zζ )
)m
, (25)
so that (24) (with r = 3) assumes the decomposed form given below:
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′′; x, y, z]
= Γ (γ )Γ (γ
′)Γ (γ ′′)
Γ (β)Γ (β ′)Γ (β ′′)Γ (γ − β)Γ (γ ′ − β ′)Γ (γ ′′ − β ′′)
∞∑
,m=0
(α)+m
! m! x
+m yzm
·
∫ 1
0
ξβ++m−1(1 − ξ)γ−β−1(1 − xξ)−α−−m dξ
·
∫ 1
0
∫ 1
0
ηβ
′+−1ζβ ′′+m−1(1 − η)γ ′−β ′−1(1 − ζ )γ ′′−β ′′−1
· (1 − yη − zζ )−α−−m dη dζ
...(
R(γ ) > R(β) > 0; R(γ ′) > R(β ′) > 0; R(γ ′′) > R(β ′′) > 0) ,
(26)
which, in view of the integral representation (24) (with r = 1 and r = 2), yields the decomposition
formula (11) in its special case when r = 3.
With a view to deriving the decomposition formula (14) by means of the integral representation (24)
(with r = 3), we similarly apply the following elementary identity:
(1 − xξ − yη − zζ )−α = [(1 − xξ)(1 − yη)(1 − zζ )]−α
∞∑
,m,n=0
(α)+m+n
! m! n!
·
(
x yξη
(1 − xξ)(1 − yη)(1 − zζ )
) ( xzξζ
(1 − xξ)(1 − yη)(1 − zζ )
)m
·
(
yzηζ
(1 − xξ)(1 − yη)(1 − zζ )
)n
. (27)
The details involved are omitted here.
Finally, we observe that the following parametric constraint:
R(c − a − b) > 0
of the familiar Gauss summation theorem for the convergence of the hypergeometric series [cf. Eq. (7)
(with r = 1)]
2 F1(a, b; c; 1)
cannot be satisfied by any of the three hypergeometric functions occurring on the right-hand side of the
decomposition formula (14) when
x = y = z = 1
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as long as the summation indices , m, n remain unbounded above. Consequently, it does not seem to be
feasible to find a closed-form expression for Lauricella’s triple hypergeometric series:
F (3)A [α, β, β ′, β ′′; γ, γ ′, γ ′′; 1, 1, 1]
except possibly when the defining series would terminate.
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